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Using a new ansatz for solving the Einstein equations with a scalar field with the sign of the kinetic 
term inverted, I find a series of formulae to derive axial symmetric stationary exact solutions of the 
Phantom scalar field in general relativity. We focus on the solutions which represent wormholes. The 
procedure presented in this work allows to derive new exact solutions up to very simple integrations. 
Among other results, I find exact rotating solutions containing magnetic monopoles, dipoles, etc., 
Q\ • coupled to Phantom scalar and to gravitational multipole fields. 
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I. INTRODUCTION 



Doubtless we are living exiting times, 10 years ago astronomers discovered an invisible component of the universe 
which represents more than 70% of the total matter of the universe and provokes that the universe expands accel- 
erating. This mysterious component dominates the universe and avoid that the galaxies clusters collapse too much. 
There are several candidates for the nature of this dark energy. The most accepted candidate is the cosmological 
5— i , constant, but other candidates lake a scalar field (Quintessence) or k-essence (see for example [H and Q and references 
i derin), among others, are intensively studied. One of the most exotic proposals to be the dark energy is the Phantom 

field, a scalar field with the kinetic term with opposite sign. This Phantom energy violates the energy conditions and 
t-H ■ contains an exotic thermodynamics. Nevertheless, nobody knows the nature of the dark energy, thus nobody knows if 
this dominating component of the universe should fulfil the standard physics. In principle this new component could 
be something which contains new physics, new thermodynamics and new energy conditions. On the other side, the 
£2 ' violations of the energy conditions in the way as phantom energy do, can be a source of wormholes [1[. The existence 
, of wormholes in the universe is very interesting because they could be highways to visit stars and galaxies, otherwise 
it will be impossible to go enough far away to visit other worlds. Of course this fact is very speculative to this stage, 
but no observation can discard the phantom energy as the dominant component in the universe [|[ and the fact that 
phantom energy can be the source of wormholes is more than exciting to investigate about the existence of 

stars made of this kind of matter. 

In this work I pretend to give a method to study the Einstein equations with phantom energy as source. One of 
the main problems of Einstein-phantom solutions is that all the well know ones are unstable Q, [lCj| |. In [TlT ] we 
conjectured that rotation or the magnetic field could stabilise a phantom star. Here I give a general method, based 
in old generation methods of exact solutions of the Einstein field equations [II]- [IB], to obtain exact solutions of the 
Einstein equations with phantom matter source. 

Thus I start with the Lagrangian (compare for example with [H|], [T3 ]) 

£ = ^{-R-2{V ah) 2 + e- 2att> F 2 ), (1) 

where g is the determinant of the metric tensor, R is the scalar curvature, </> the Phantom field, F the Maxwell one 
and V is the covariant derivative. The constant a is a free parameter which governs the strength of the coupling 
of the Phantom to the Maxwell field. When a — 0, the action reduces to the uncoupled Einstein-Maxwell phantom 
theory. When a^l, the action is a theory of phantom field with a dilaton like coupling with electromagnetism. We 
will consider this theory for all values of a ^ 0. 
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The field equations derived from Lagrangian (Q} are give by (see also [Hj]) 

V^e-^F^) = 0; 

Y 2 

-2V i y^ + 2e- 2 ^{F w F v " - -g^e^F 2 ) = R M „. (2) 

In this work I am interested in isolated phantom stars, i.e., in stars made of Phantom matter and an electromagnetic 
field. We can suppose that these stars are axial symmetric and stationary. Thus, I will analyse spacetimes characterised 
by two Killing vector fields X and Y and introduce coordinates t and ip which are chosen such that X = -Sj and 
Y = jp-. The corresponding line element can then be expressed as [l8[ 

ds 2 = -/ (dt - udtp) 2 + /- 1 [e 2fe (d / o 2 + dz 2 ) + p 2 d(p 2 }, (3) 

where /, uj, and k are functions of p and z only. The electromagnetic potential has the form = (Aq,0,0, A 3 ), 
and again Aq , A3 , and the Phantom field, <fi are functions of p and z only. In Boyer-Lindquist coordinates p = 
\/r 2 — 2 to r + o" 2 sin(0), z = (r — m) cos(#), space-time metric ((3]) reads 

(is 2 = -/ (dt-udtpf + / _1 [Fdr 2 + (r 2 - 2to r + cr 2 ) (K d6 2 + sin 2 (#) cfys 2 )] , (4) 

where 

(r — 77l) 2 + (CT 2 — 777 2 ) COS 2 (0) 2fc 

(r 2 — 2 777 r + cr 2 ) 

The main goal of this work is to give solutions of the Einstein field equations using metric . 



II. FUNCTIONAL SPACE FORMULATION 



In what follows I will introduce the functional geodesic formulation for Lagrangian ([TJ) (compare with [l5| and [1J]), 
the method is fully explained in [17| . Essentially, the formulation takes advantage of the fact that the introduction 
of a line element in the Lagrangian for the Einstein-Hilbert action |T]), and performing the variation, there are 
operations which commute for some cases, in particular for the axisymmetric stationary one. Thus, introducing the 
operator D = (d p , d z ), taking out a total divergence term and eliminating the terms with D k by means of a Legendre 
transformation, I obtain that the original Lagrangian, given by ([1]), can be rewritten as 



C =P D f 2 -fDu 2 -4^D K 2 + 2 -l^- [( W DA + DA,) 2 - £ DA 2 ] , 



where K — e * . Here I will take only space-time with a ^ 0. The Euler-Lagrange equations, obtained directly 

dC \ _ I dC 
dDZ a > ^dZ a 

The Klein-Gordon equation: 
D 2 K + (— - "-^-) Dk + - "I t [(w DA + DA 3 ) 2 - ^ DA 2 } = 0, (6a) 

P K P 

The Maxwell Equations: 



from cxtremizing the action for such Lagrangian D( d ® c za ) — (-§§s) = 0, with Z a — (/, uj, Aq, A3, k), are 

on: 

Dp 2Dn^ a 2 K 3 f r/ , , x9 p 2 

— ) Dk + ( w DAo + DA 3 ) 2 - ^ 

p k p z i z 



D i JJL( uDAo + DA 3 ) ) = 0, 



D( k 2 [ j —(uDA + DA 3 )-^DA ] )= 0, (6b) 



The main Einstein's Equations: 
lfj +i £P-£^ )Df+ ll D ^-ljf/l [iuiD A a +DA 3 ) 2 + ^DA 2 } = 0. ((,<■) 

p / p 2 p 2 r 



D *u-{^-?^)Du + ^-{u>DA + DA 3 )DA Q = 0, (6d) 
P I f 
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Observe that the metric function k does not appear in the field equations ([6]), it is determined by quadratures in 
terms of the rest of the functions. The Lagrangian (JSJ) sometimes is viewed as describing the line element in the 
potential space thus the motion equations can be seen as geodesies in this potential space. 

We define the differential operator D = (~d z ,d p ), from this definition it follows that D D = for any analytic 
function. Thus we conclude from the second Maxwell equation (|6b[) . that there exits a potential [l2j X, such that 



Dx = — (lj DAo + DAs). (7) 
P 

And with this potential, the second Einstein's equation (|6dl) . can be rewritten as D(f— D oj + ip D X ) — 0, with 
ip = 2Ao, so that there exists another potential [11] e, defined by 

De=—Duj + ipD X - (8) 
P 

The use of these potentials X an( i e i wm be helpful in the procedure of defining harmonic functions, so I rewrite the 
field equations in terms of the functions (/, e, x, ip, n) as 

„, „ . 2DkDk pa 2 K 3 ,^ , 1 „ 9n . 
D{ P Dk)- P L^( D ^- ^D X 2 ) = 0, (9a) 



« 4/ 
2Dk DA p 



D(pDip)+p (— - /) Dip--£ 1 (De-rPD X )D X = 0, (9b) 



/2Dk D/\ ok 2 , 
D(pD X )-p \-^— + ^-) D X + ^(De-iPD X )DiP = 0, (9c) 

^(p^^-p^T^ + ^^e-V^X^-^W + ^^X 2 ) - 0, (9d) 

J J Z K 

D(p(De-i;D X ))-pD^D X -^l(De-ipD X ) = 0, (9e) 

where I have used the fact that DADB = DADB, for any functions A, B. The equation for X is obtained from 
D D A3 = 0, and the one for e is obtained from D D lu = 0. 

The remaining metric function k is determined by quadratures in terms of the other field functions [16( , explicitly 
I have 



-fK 2 (tpp 2 - ijjz 2 ) - (— ) 2 (^p 2 - K 2 

a k 

■ \f. f. A-e.e. - k 1 fib. ih 

2/2 



) (Kp )], 

fe* = ■^W[/ P /^+e P e^-K 2 /V ; pV' 2 -V'(epX 2 + ezXp) + 



ty 2 -^)x,x*-(|4) a ( 10 ) 



k a k 

or using the complex variable ( = p + i z I obtain that 



fc C = 77a[/,C + ( e .C-^X,cr-/(«V + -2X,c' , )-(-r-r«,C L (H) 
Equations (J5|) are equivalent to equations © . This new set of field equations can be obtained from the Lagrangian 



c = Yp [Df + ( D '-^ D x) 2 } -^ Dk2 ~yj + h Dx2) - (12) 



I have to do an important remark. The new Lagrangian (|12p cannot be obtained if the transformation is made directly 
on the original Lagrangian, given by (p} or (0. This fact implies that the transformations defined by (0, and ([8|) 
must have a degeneracy. 

Lagrangian (TT2"]) can be seen as obtained from the line element dS 2 of a potential space, in other worlds, 

C — > dS 2 — Gab d^ A d^ B , (13) 
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with ^> A — (f, e, x, ip, k), so that the equations of motion ([9]), obtained from variations of this Lagrangian with respect 
to the coordinates, ^f A , can be thought as geodesies in such potential space 



dS / 



1 



— [df + {de-^dxY] 



■dn z 



(14) 



As usual [jjl], metric (fT4")) defines a Riemannian potential space with constant scalar curvature, R = — 12 + a 2 . All 
the covariant derivatives of the Riemann tensor are proportional to a 2 + 3, (or zero for a = 0). This fact is very 
important and let us decide which method we can use to solve the field equations. In what follows I give a method 
for solving the Q14p field equations with a / 0, where the formalism of the chiral equations can no be applied. The 
functional geodesic formulation consist on defining an abstract space whose coordinates are defined by the metric 
functions and the fields entering in the system. In order to introduce an ansatz resembling the harmonic map ansatz 
into the functional geodesic formulation (see (l8j , and [ItJ for an explanation) , we shortly explain the general idea of 
the harmonic map ansatz method. The field equations of the theory can be written as 



D(pD + p{^ C }D * s D * c 







(15) 



where 1 & A are the potentials of the geodesic formulation and {g c } are the Christoffel symbols of the Riemannian 
space dS 2 defining the potential space of the theory. 

We can transform the field equations © into a set of first order differential equations defining the functions [l5| 

A = ±j[Df-i{De-^D X )l 



B = 
C = 



~(«x>V--£>x), 
2V7 k 



Dk 

hi 



(16) 



so I can rewrite the equations §9§ into the following system 

1 



Dip A) = A(A- A)+BB, 
P 

-D(pB) = -B{A-3A)~CB, 
P 2 

1 , „. 1 



P 



-D(pC) = -a 2 (B 2 



B 



(17) 



where a bar over the functions denotes complex conjugate. Notice that in this way, I have reduced the system of field 
equations to a set of three first order differential equations for the three functions A, B, and C . 



III. THE HAMILTONIAN 



In order to reformulate the Einstein-Maxwell-Phantom field equations for arbitrary a ^ I cannot use the harmonic 
map formulation, but I can try instead to mimic that formulation by means of appropriately chosen ansatz. Following 
[la | I perform a Legendre transformation and defining "momenta" , as P a = Qifq,a , I can construct a new function 
which is along the lines of the standard Hamiltonian although in our case, it has not the usual properties of evolution 
associated with the Hamiltonians. This Hamiltonian has the explicit form: 



H 



2p 



8p 



2p 



'Pi: 



(18) 
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The equations of motion can be derived from D^ a = jfp-, and D P a 



obtain 



Df 
De 

Dip 

D X 
Dk 



f 2 

— [P. 

P 

_J_ 

pK 

fn 2 



K 2 1p 



2 



(Px+^Pe), 



Ap 



Analogously, for the momenta I obtain the following equations 



DP f 




DP, 


= o, 


DP 4 , 


f* 2 
P 


DP X 


= o, 


D P K 


= _j_ 



1 

2~p 



\ + K 2 (P X + i>Pe. 



(P x +^jP e )P e , 



p K 



Pj 



n 2 (P x + ^P e f 



4p 



P K 



In terms of the momenta, the functions (|16[) transform into 

A = ^-(Pf-iP € ), 

z p 



D 

C 



Z (J 1% 



P K 



4p 



(19) 



(20) 



(21) 



In what follows I apply the generalised harmonic map ansatz to the equations (jTTJ) and give some classes of solutions. 



IV. THE GENERALISED HARMONIC MAPS ANSATZ 

Now I look for invariant transformations of the equations (fT5|) , i.e., transformations of the form ^ A = ^ A (X l ) that 
leave the field equations (fTS")) invariant, where A* are potentials fulfilling the same field equations (fTS"]) . The potentials 
A 1 define the Riemannian space V p . In terms of the potentials A z , the field equations (jTSJ) read 

p[* A tij - I* ^ A k + { A C }^ C JD A 1 D A^ + * A k [D (pD\ k ) + P T k ; 3 D X 1 D \ j ] = 0, (22) 

where , i = d/dX 1 and Tj k are the Christoffel symbols of V p . In terms of the Christoffel symbols of the abstract 
Riemannian space V p , (|22|) reads 

' {2c}***j = (23) 
D{pD\ k )+ pT^DX 1 DX J = (24) 

where I have used the field equations for the A"s and the fact that the A"s are linear independent. 
In terms of the complex variable c; = p + i z and <T its complex conjugated, equation (|24[) reads 

( P A fc ? ), f + (pX%, + 2pT k J A% A%- = (25) 
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The ansatz consist in to choose an apropiated V p potential space. Here I will study the V± and V2 spaces because they 
are the most simple ones, but I will obtain solutions only for the V% subspaces. 

We start with a two dimensional Riemannian spaces V 2 with constant curvature, parametrising this Riemannian 
spaces with two harmonic parameters A, and t, such that A, r e 1R. The line clement is 

A2 _ 2(dA 2 +dr 2 ) _ djdl 

(l-^A 2 +r2))2 1 ° J 

where a is a real constant proportional to the potential space curvature, and £ = A + ir, for the case of complex 
parameters. We know that this is a maximally symmetric space, so it has three killing vectors. If the electromagnetic 
field vanishes any value for a is similar, because there is not interaction between scalar and electromagnetic fields. 
But if there is electromagnetic interaction the situation is different. As we showed in [lU, the subalgebras for the 
potential space with arbitrary a, with three Killing vectors, are such that one of them has to be set to zero, so I 
conclude that if the electromagnetic field does not vanish the only case of maximally symmetric V% that can be taken 
is the one with a = 0. In this case, the parameters satisfy the usual Laplace equation: D(pD A) = 0, D(pDr) = 0. 
As in the harmonic maps ansatz case, let us express the functions A, B, C in terms of these parameters as follows 

A = ax(X,T)DX + a 2 (X,T)DT, 
B = b 1 {X,T)DX + b 2 (X,T)Dr, 

C = Ci (X,t)DX + c 2 (X,t)Dt. (27) 

Using the harmonic equations, i.e. the Laplace equation, for these parameters in the field equations (jTTJ) , and recalling 
the fact that (D A) 2 , (D r) 2 , and D XDt are independent functions, from the system of equations for A, B, C, (fT7|) . I 
obtain the following set of equations: 

- oi - ai) - 61 b\ = 0, 
h,x - y (ai ~ 3 61) + ci 61 = 0, 

ClA -i a 2( 6l 2 + 52 ) = Q) (28) 

«2 , T - a 2 (a 2 - a 2 ) - b 2 b 2 = 0, 
h 

&2.r - y («2 - 3a 2 ) + c 2 6 2 = 0, 

c 2 , T -\o?{b 2 2 + bl) = 0, (29) 

o-i, r + a 2,A — 2 ai a 2 + ai a 2 + ax a 2 - 61 b 2 - 61 fr 2 = 0, 

2 6i iT + 26 2!A + fe 2 (ai-3ai) + fei(a 2 -3a 2 ) + 2ci& 2 + 2c 2 6i = 0, 

ci.r +c 2!A + a 2 (6i6 2 + 6i& 2 ) = 0. (30) 

Equations (|28l l2"9l [3D]) are equivalent to the field equations (l2"2")l . Taking the original potential also as functions of 
the harmonic parameters, I can express the functions A, B, and C from (|2"7| as 

^4 = ^j[f,x-i(e,x-^X,x)]DX+^j[f }r -i(e }r -^x,r)}Dr, 

C = ^DA + ^Dr, (31) 
from which, and from (|27p . I can make the following identification 

ai = YJ ^< A ~~ * ( e . A ~ ^X,a)]; «2 = yj [f.r - « (e,r - V'X.t)], 

1 j 1 j 

& 1 = ^TT-T^ ( K ^,A X,a); b 2 = -7—= (K1p tT X,t), 



2V7 V V ' A k * 2V7 



ci = ; c 2 = . (32) 

In what follows I proceed to present some solutions to the Einstein-Maxwell-Phantom system in terms of the harmonic 
functions A, r. 
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V. ONE DIMENSIONAL SUBSPACES 

In this work we will suppose that ffli , &i , ci as functions of A only, and 02,^2,02 are zero. Equations (|30p . being 
only constraint equations, are fulfilled with this functions, so I focus on the equations for the variables a%, b\, c%. We 
obtain the following solutions. 

A. First Class of Solutions 

We start with most simple supposition, let the functions a\ = ao,&i = 60, c\ = Co be real constants, then I obtain 
that if ao,co are arbitrary real numbers and 60 = this is a solution of the field equations. Using equation (|32[) , I 
obtain that the potentials are given by 

/ = /oe^\ 

e = 0, x = 0, 4> = (33) 
Using the definition (fTTj) . ([7]) and ([8]) of the potentials, I can integrate them to the metric functions. We arrive at 



/ = / e^\ = r 2 A, 

P (J2 „2 n 

16 a 2 

u = 0, A =0, A 3 =0, (34) 



that means, this solution contains no electromagnetic field and no rotation. For this solution, metric ^ becomes 

ds 2 = -f oe l r ^dt 2 + K^e~l^ x 

Jo 

+ (r 2 -2 Tnr + a 2 ) ^-e-i riX (Kd6 2 + sin 2 (9)dtp 2 ) , (35) 
Jo 

One intersting example of this class is the following. We chose A2 from appendix lAl with mo = —ir/2, that means 



A = In 



<r 


— m — 


V (j 2 — fri 


V 


— m + 


\J a 2 — rri' 


-1 


{v<j 2 


-"%)- 






— m J 



n 
2 



'"»-' ( '■'", ) ~f ( 36 ) 



and 



with /o = 1, metric (I35[) transform into 

ds 2 = ~e-' hX dt 2 + e 0oA [dr 2 + (r 2 - 2mr + CT 2 ) (d(? 2 + sin 2 (6>) V)] , 

2 + yA (37) 

(remember that in this work I am using units such that 8ttG/c 4 = 1). Solution (|37|) is the static one given in [Til ]. 
This solution represents a pure scalar field in a static space-time. This solution contains the Morris-Thorn wormhole 
for 0o = 0, m = (for more details see reference [TTI|). 



8 



B. Second Class of Solutions 



We will suppose again that a\ — ao, b\ — bo, c\ ~ cq are constants, but now they can be complex numbers. We 
solve the field equations (f!?5)) and obtain the solution 

1 

a = -^m, 

b = 5(1+ On, 

c = -n (38) 



Using equations (|32[) I arrive at 

/ = /oi 

K = Koe riX , 

„ — rl\ r~f~ 
V = \-1p0, 

X = -V/o^oe 1 " 1 A +xo, 

e = -Vhe riX i^oK + e (39) 

where /eh e (h Vtoi Xo an d K ® are integration's constants. With these potential I can write down the corresponding 
components of the metric, I have 

/ = fo, = — A 
a 



4 or 

ZKn \ / 



2k 

w,a = (40) 
Jo 

Solution (|40p is a rotating magnetised wormhole where the rotation generates an electric field. There is no gravi- 
tational potential, thus the space-time is curved by the charge and the Phantom field. We show an example, using 
equations (IA7[) I can integrate the functions lj and A3. For example, I chose A2 from appendix [X] The space time 
metric and the scalar field and electromagnetic potentials read 

ds 2 = -(dt -riCos(6>)) 2 

+ [dr 2 + (r 2 - 2mr + a 2 ) (d6 2 + sm 2 {8) dip 2 )] , 

= ^A, 
a 

Ao = (e-^-^o), 

n [ 2n (A + f) 

A 3 = - cos (6) — exp - 

K o V v c — TO Z 

* - ^ (ts^t?) ~ 2 (41) 

where I have set /o = 1 and r 2 (a 2 + 4) = 4 a 2 . In some seance, this is a generalisation of the Morris- Thorne solution, 
it is a magnetised and rotating wormhole. If I set r\ = metric (|4T|) is flat. For r — > 00 the magnetic field represents 
a magnetic monopole. If I want to generate magnetic dipoles in this solution, I have to use A4 or A5 from appendix 
Instead of A 2 . 



9 



C. Third Class of Solutions 



We now suppose that one function, for example 6 = and solve the field equations (j28|) , I obtain the solution 

-\{he 2 ^ x ~l 2 ) +iVhhe riX 



a 



he 2 ^ x + l 2 
b = 0, 

c = 2r 2 (42) 



where l\, l 2 , f*i and r 2 are integration's constants. Using equations (132 j) I arrive at 



/ 



he 2r ^ x + l 2 



1> = x = 0, 



Jo 



he 2r ^+l 2 



(43) 



where /o, eo, f/'Oj Xo an d ^0 are again integration's constants. With these potential I can write down the corresponding 
components of the metric, I have 



/be 



ri A 



he^ x + h 



A = 0, A 3 = 0, 



U,\ = 7 P ( 44 ) 

Jo 



Solution ([5(H) is a rotating phantom field. For this solution metric (Q| reads 



?ie2riA + ^ 2 [Xdr 2 + (r 2 - 2 mr + a 2 ) (Xd<? 2 + sin 2 (0) dp 3 )] , (45) 



fo ^ x 

Again I chose A2 from appendix IA1 with too = — tt/2 and 



a 2 = - ^ r x =-6) r 2 = - 



with /q = 1, metric (|45p transform into 



ds 2 = -/ (dt - 2 Vhhfo cos{0) dip) 2 

+ - [dr 2 + (r 2 - 2mr + cr 2 ) (rf6» 2 +sin 2 (6»)^ 2 )] , 



/-iTPWXTE * = V 2 + T A < 46 > 

Solution (|46p is the rotating one given in 11]. This solution represents a pure wormhole in a rota ting spherically 
symmetric space-time. This solution contains the static one by seating l x = (l 2 = 1) in (jlo) (see ref. [Xlj]). Solutions 
PS)) is not asymptotically flat because of the rotation is provoked by the cos(6*). This is because I chose the harmonic 
map A3 . To avoid this problem I can choose for example the harmonic map A5 in appendix [X] Then metric (|46[) 
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becomes 



dg2 = _ Hdt _2Vhr 2(t , (r-m) S in(6) d(p)2 

+ j [Kdr 2 + {r 2 - 2mr + a 2 ) (K d9 2 + sin 2 {6) dip 2 )] , 



'2 + &X 



l ie -2<p \ + i 2 r y 2 
^cosW R = A 



A r 2 — 2 m r + a 2 

2 i /_2 ™2 



A = (r-mY + {a A - mf) cos(6») (47) 



Metric (147)) is asymptotically flat if Zi + 1 2 = 1. It can be shown that metric (|47|) is an asymptotically flat rotating 
wormhole generated by phantom matter (see ref [l9j). 



D. Forth Class of Solutions 

Now I look for solutions of the form a = (mi A + m 2 )/(ZiA + h)) ■■■ and in the same way for the other functions b 
and c. We set these ansatz into equation (|28p and obtain the following solution 

_1 3riiiA + 3riZ 2 + *i 
° ~ 4 /iA + Z 2 

2 (Zi A + Z 2 ) 

3 n h A + ri Z 2 - Zi 
~4 ZiA + Z 2 ' 

With these functions into (|28[) I obtain the corresponding potentials given by 



(48) 



/ = 



X 



Vh A + h ' 

K 



ZiA + Z 2 

Xo 



Zi A + Z 2 

V> = 0, e = 0, (49) 



Using the definitions (|32| . I arrive to the metric components 



/ = 



A + Z 2 



^ = --^-[nA-ln(Z 1 A + Z 2 )] 
4 a 

y 3 2 

fc.A = ~£xP 

A 1 XoZi 

^3,A = -r^ 2 P 

2 /o «o 

A, = 0, w = 0. (50) 

Unfortunately, this solution requires a 2 = — 3 and this implies that the scalar field is imaginary. Some explicit 
solutions of this class can be found in I20| . 



11 



E. Fifth Class of Solutions 



In this subsection I will introduce an ansatz not anymore in the functions a, b, c, but directly in the potentials. We 
start with the following ansatz 

/o K o 



/ 



Fx 



i> = ipa, X = Xo r ■ 
e=e ^ (51) 



where /o, Ko, "00, Xo and eo are constants restricted to eo = ipo Xo and /o = Xo/ K o an d -F is a function of A. Ansatz (|5ip 
is a solution of the Einstein-Maxwell Phantom field equations if function F fullfil the following differential equations 



-Fa a a F — F : \ \ Fj — 0, 



(F x x F - F 2 X ) (Fx X F-F 2 x + 1)=0 



3 



a 



(F^xF - F 2 x) (F,xxF-F 2 x- — )={) (52) 



Fortunately the derivative of the equation F t xxF — F\ + Fq being Fq an arbitrary constant, is the first equation 



in (|52|) , therefore if the second and third equations of ([52)) are fullfiled, the first one do. Equations (|52)) have two 
solutions, Fq = and a arbitrary and Fq = 1 and a 2 = —3. This differential equation can also be written as 

F 2 ^ = -F (53) 

Some solutions of equations (|53"|) are 

F = ^/Fq~\ + 1 2 

F = xVr (sin(AA)+cos(AA)) 

F = --L e AA +F e- AA (54) 
With this solution the space-time metric componets read 

/ = -4, 4>=^-nn 

\/F 4 a 

AO = ~^ , a 3 .a = -^p, 

2 2 xo 

fe = 0, u = (55) 

Unfortunatly the interesting solutions with a arbitrary implies Fq = 0. The solution Fq = 1 implies again that the 
phantom field is imaginary. With this step the space-time metric is complitely integrated. Solution (|55[) represets a 
static, magnetized Phantom field. The space-time metric for this case reads 

ds 2 = -fdt 2 + j [Kdr 2 + (r 2 -2mr + a 2 ) (Kdd 2 + sin 2 (9) dtp 2 )] , 
f = -4, cb^^-HF), 



(r — m) 2 + (a 2 - m 2 ) cos 2 (0) 

K = ~r^> — ^ o\ (56) 

(r 2 -2mr + a 2 ) y ' 

Let us see one example, let be F = — e A A + Fq e~ Ax . Then components of the space-time metric reads 

/ = /0 0=-^ln(--Le AA + F o e- AA ), 

.^eAA + fbe -AA 4a 4A 

^ = (r - m) 2 + (a 2 - m 2 ) cos 2 {9) 

(r 2 - 2mr + a 2 ) ^ ' 
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If I choose Ai from appendix [XI the correspondig magnetic field reads 

711 

A 3 = F — (cos(fl)-l), (58) 
Xo 

which corresponds to a magnetic monopol. If I want the magnetic field of a magnetic dipole stead of the magnetic 
monopole I have to use A4 or A5 from appendix 1X1 

VI. CONCLUSIONS 

In this work I have given a method from which we can derive a set of formulas which can be integrated in order to 
fiend exact solutions of the Einstein-Maxell Phantom fields. We have generated rotating and magnetised solutions, in 
particular we gave the rotating and magnetised generalisations of the Morris- Thome solution [6| . But we have given 
some other solutions with similar behaviour as other ones (see for example (2l|V In order to find new exact solutions, 
we have to follow the receipt: 

1. - Choose a class in terms of A with the features you need. 

2. - Choose an harmonic map from appendix 1X1 with the features you need. 

3. - From appendix 1X1 you have also the integration of the rotation and most of the time of the magnetic field. 
Finally write the space-time metric and analyse the solution. With this method we can further generate magnetic 

monopoles, quadrupoles, etc. cupled with gravitational multipolcs. This give rise to complete the study of the 
wormholes and see if there exist some stables ones. 
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APPENDIX A: THE LAPLACE EQUATION 

In this appendix I give some generalities of the Lapacc equation 



In coordinates (p, z) , this equation reads 



or in coordinates £ = p + i z, it is 



D(pDX) = (Al) 



p(\ PP + ^\ P + \ Z z) =0 (A2) 



(pA, c ), c - + (pA jf -) >c = (A3) 



Finally, in Boyer-Lindquist coordinates p = \Jr 2 — 2mr + a 2 sia(6),z = (r — m) cos(#), the Laplace equations is 
given by 

((r 2 - 2 mr + <r 2 )A, r ), r + -J_( sm (0)A, e ). 9 = (A4) 

sm(fr) 

where m and a are arbitrary constans. Some exact solutions of the Laplace equation in the previous coordinates 
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arc the following. 

Ai = 

V r J 

i / i — m \ 
A2 = An tan | — , | + mn <J ^ to 




A3 = An hi I - 1 + rr~ ■ ur or 

A 3 = An tanh -1 

T — 771 

A 4 = A — hm A — (r — to) 2 + (a 2 — to 2 ) cos(#) 

. cos(0) 
A5 = An — h m 

A 6 = A In ((r 2 - 2mr + cr 2 ) sin 2 (0)) + m 

A 7 = A In ^tan Q 6 J J + m (A5) 

where An and too are also arbitrary constants. In the text I have functions A = A(p,z) = A(r,9), or using the 
harmonic map, this equivalent to A = A(X(r, 9)), such that the derivative is A iT — A.\ X iT . The field equation for to is 
W .C = ( e ,A ~~ "0 X,a) A >( * — A \ A and for A 3 ^ — 2 f K 2 Xx + w 0,C- terms of the Boyer-Lindquist coordinates (r, 9), 
the differential equation for the rotations component to and the magnetic potential A 3 is 

w, r = -(e,A - "0X,a) sin(0) A,e 

w,9 = (e,A-^X,A) (r 2 -2TOr + CT 2 ) sin(0) A, r (A6) 
A 3)r = - — 2 x,a sinC^) A,g + lu ip t x \r 

Z J K 

A 3 ,e = -j-^x,\(r 2 -Zmr + a 2 ) sin(0) A, r + w ^,a A, e (A7) 

Z J K 

Gcncrically I have to integrate a differential equations of the form 

A tr = -A sin(0) A, e 

A.g = Aq (r 2 — 2 to r + a 2 ) sin(0) A. r (A8) 



where p Aq = A.\, and A here stands for A — A 3l io, respectively. We can integrate the (|A8|) for each A, I arrive at 

Ai => A = -2 A A a to cos(0) - Ai 



X 2 ^> A = -A ^4 \/cr 2 - to 2 cos(0) - Ai 

A 3 =>• A = -A A x/m 2 - a 2 cos(0) - Ai 

X^A = X A (^-^^W^+cobW-Ax 

A 5 ^A = A Ao (^-^ 2 W _ Al 

A 6 =*> A = -2 A A (r - to) cos(0) - Ai 

A 7 =*> A = X A (r - to) - Ai (A9) 



The other function to integrate is k. The differential equation for k is 



fc, ( = fc,iA, c 2 (A10) 
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In term of the Boyer-Lindquist coordinates this differential equation reads 

(r 2 - 2 mr + a 2 ) sin (0) {- {{r 2 - 2 mr + cr 2 ) A 2 r - A 2 ,) cos (0) +2 (r-m) \ e \ r sin (0)) 



kg = fc - 



(r — to) 2 + (a 2 — to 2 ) cos 2 (0) 



sin (0) f 2 (r 2 - 2 mr + a 2 ) A A r cos (0) + (r - to) f (r 2 - 2 mr + cr 2 ) A 2 - A 2 ) sin (0)) 

k r = k Q ^- ^ ^ — 'J- L (All) 

(r — to) + (a 2 — to 2 ) cos 2 (0) 

We can integrate this differential equation for different A's. We obtain 

2 / r 2 — 2 mr \ 

Ai => K = 2 Kg Aq 111 



where 



(r — to) — to 2 cos 2 (0) J 

\ 4fe A 2 -l 



K = 



r — 2 mr 



(r — to) 2 — to 2 cos 2 (0) 



, , 1 , . 9 , / r 2 - 2 tot + (7 

A2 =>■ « = — -KoAo"ln 



X = 



2 \ (r — to) + (cr 2 — to 2 ) cos 2 (0) 

9 9 \ — fco A 2 -l 

r^ — 2 mr + a \ 



(r — to) 2 + (cr 2 — to 2 ) cos 2 (0) 



A3 k = 2 fco Aq 2 In 



r 2 — 2 tot + (T 2 



(r — to) + (cr 2 — to 2 ) cos 2 (0) J 

\ 4fc n A 2 -l 



K = 



r 2 — 2 mr + cr 2 



(r — to) 2 + (a 2 — to 2 ) cos 2 (0) 



A 6 =*> fc = 2A 2 fc ln((r 2 - 2mr + cr 2 ) sin 2 (0)) 

(r - TO) 2 + (<T 2 - TO 2 ) COS 2 (0) . 2 ,4A 2 fco 

iv = 5 — ^- % Ur -2mr + a I sin (0)) 

r — I mr + cr 



x ^ t 1 x 2 t. 1 f sin2 ^ 



- V (r — to) + (a 2 — to 2 ) cos 2 (0) 

W 1 

r 2 - 2 TOr + cr 2 1 (r - to) 2 + (ct 2 - to 2 ) cos 2 (0) 



K .^x( . „,,.■ r" 



= (r - to) 2 + (cr 2 - TO 2 ) COS 2 (0) 2fc 
(r 2 — 2 to r + cr 2 ) 

One use to choose fco in order to obtain K = 1 or some simple expression. 
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